'Additional' ionization of light atoms and ions during nuclear β − decay is investigated. The procedure which can be used to determine the corresponding transition probabilities and the velocity/energy spectrum of secondary electrons is developed. Emission of very fast secondary electrons (δ−electrons) from β − -decaying atoms is also briefly discussed. 
I. INTRODUCTION
Since the first papers published in 1950's (see, e.g., [3] ), it became clear that by analyzing numerically generated spectra of the final state probabilities during atomic β − −decay, Eq.
(1), we can obtain a significant amount of useful information about the parent (or incident) atom/ion, including its atomic state, presence of various excitations, etc (see, e.g., [2] , [4] - [7] ). Furthermore, if the spectra of the final state probabilities could be evaluated to high accuracy (from numerical computations), then based on these spectra we would be able to predict the atom and its isotope in which nuclear β − −decay has occured. A number of important details about electron distributions in such atoms/ions can also be accurately predicted. This conclusion is very important in applications to few-and many-electron atoms/ions with very short life-times. This emphasizes the importance of knowledge of the final state probabilities for different atoms, ions, molecules and atomic clusters.
In this study we also determine the distributions (or spectra) of the final state probabilities of β − −decaying atoms/ions, but our main goal is the analysis of the cases when this decay proceeds with an 'additional' atomic ionization, Eq. (1) . Note that currently all calculations of the final state probabilities for β − decaying atoms, ions and molecules are performed with the use of the sudden approximation which is based on the fact that velocities of β − -electrons (v β ) emitted during the nuclear β − −decay are significantly larger than the usual velocities of atomic electrons v a . In particular, in light atoms we have v β ≥ 50v a − 200v a . This is also true for the velocities of the secondary electrons e − which can be emitted as 'free' particles during the reaction, Eq.(1), i.e. v β ≫ v δ . The inequality v β ≫ v a allows one to apply the sudden approximation and analyze the nuclear β − -decay in light atoms by calculating the overlaps of the incident and final (non-relativistic) atomic wave functions. The sudden approximation is based on the assumption that the wave function of the incident system does not change during the fast process, i.e. its amplitude and phase do not change. In other words, the electron density distribution in the maternal atom does not change during the nuclear β − -decay (see discussions in [8] and [9] ).
Our analysis of the properties of secondary electrons emitted during nuclear β − -decay in few-electron atoms begins from the general discussion of the final state probabilities and sudden approximation which has been extensively used in calculations of such probabilities.
This problem is discussed in the next Section. In Section III we determine the actual velocity spectrum of the secondary β − −electrons emitted during nuclear β − -decay of the one-electron tritium atom. The more general case of few-electron atoms is considered in Section IV where we show explicitly that the energy/velocity spectra of secondary electrons essentially depend upon electron-electron correlations (or, inter-particle correlations) in the parent few-electron atoms/ions. In Section V we evaluate the overall probabilities to observe very fast secondary electrons (or δ−electrons) during nuclear β − -decay in few-electron atoms.
Concluding remarks can be found in the last Section.
II. FINAL STATE PROBABILITIES
In the sudden approximation the final state probability of the process, Eq.(1), equals the overlap integral of the wave function of the parent atom X and wave function of the final double-charged ion Y 2+ multiplied by the wave function of the outgoing (or 'free') electron which has a certain momentum p. The direction of the momentum p in space coincides with the direction of motion/propagation of the actual free electron that is observed in experiments. Moreover, at large distances each of these free-electron wave functions must be a linear combination of a plane wave and incoming spherical wave. Functions with such asymptotics take the form [10] (see also §136 in [8] )
where N f is the normalization constant defined below, 1 F 1 (a, b; z) is the confluent hypergeometric function and ζ =
, where a 0 is the Bohr radius, α is the fine structure constant and γ is the Lorentz γ−factor [14] (see below) of the moving electron. The notations p and v stand for the momentum and velocity of the outgoing (or 'free') electron.
Also in this equation the two unit vectors n p and n r are defined as follows n p = . There are a number of advantages in using the wave function of the free electron which moves in the Coulomb field of the central 'bare' nucleus, or positively charged ion in the form of Eq.(2). Some of these advantages are discussed in §136 of [8] . In particular, the choice of the φ p (r, n p ·n r ) function in the form of Eq.(2) directly leads to explicit formulas for the probability amplitudes, i.e. there is no need to perform any additional transformations of these values.
Let us consider nuclear β − decay in actual atomic systems. First, consider the β − −decaying hydrogen (or tritium) atom. The whole process is described by the follow- The probability amplitude equals the overlap integral between the
exp(−ηr) function and the N f φ kl (r, n p · n r ) functions, Eq.(2). Calculations of similar integrals (or probability amplitudes) with the function φ kl (r, n p ·n r ), Eq.(2), are relatively simple and straightforward.
There are a few steps in this procedure. First, we can write the following expression derived in [10]
after a few steps of additional transformations this formula is reduced to the form
By using the following identity (see, e.g., Eq.(1.622) in [11] )
we reduce the expression for the I 1 (η) integral to the form
All integrals which are needed to determine amplitudes of the final state probabilities can be derived by calculating partial derivatives of the I 1 (η) integral, Eq.(6), with respect to the variable −η. For instance, for our present purposes we need the integral I 2 (η) which is written in the form
The I 2 (η) integral, Eq.(7) (with the additional normalization factors N f and N H ) determines the probability of the 'additional' ionization of the hydrogen/tritium atom from its ground 1 2 s-state during the nuclear β ± decay. The momentum of the 'free' electron is p and p =| p | is its absolute value. If we want to determine the final state probabilities of atomic ionization during nuclear β ± decay of the hydrogen/tritium atom from excited s−states, then higher derivatives from the I 1 (η) integral are needed. In general, all integrals I n (η) can be found with the use of the formula
where P n (η, ζ, p) is a polynomial function of all its variables. In derivation of formulas for the integrals I n (η) it is convenient to assume that these three variables η, ζ and p are independent of each other. However, to produce actual formulas for the probability amplitudes and final state probabilities we have to take into account the following relation between these variables:
η. This allows us to write the following expression for the integral I 2 (η)
where we have used the two variables η and p. However, in some cases two other variables (e.g., ζ and p) are more convenient. Note that it is possible to produce a few useful relations between I n (η) and I n−1 (η), I n−2 (η), . . . , I 1 (η) integrals. Such relations allow one to determine all integrals I n (η) without any actual computation.
III. TRITIUM ATOM
Consider nuclear β − -decay in the one-electron hydrogen/tritium atom 3 H, or in some hydrogen-like ion with nuclear electric charge Q. According to the formulas derived above the probability amplitude A i→f is
where
is the normalization constant of the hydrogen-atom wave function, while N f is the normalization constant of the wave function which represent the 'free' electron.
The numerical value of this normalization constant (N f ) is determined by the following equality
see, e.g., [12] . In other words, the probability amplitude A i→f equals
The expression for the infinitely small final state probability ∆P i→f takes the form
To produce the final expression which is ready for calculations we have to replace here the variables η and ζ by the following expressions η =
, where A. Velocity spectrum From, Eq. (13), one finds the following expression for the final state probability disctribution, or P i→f (v) distribution:
The expression on the right-hand side of this equality essentially coincides with the v−spectrum of the 'free' electrons emitted during nuclear β − −decay in one-electron atoms/ions. Rigorously speaking, any spectral function must be normalized, i.e. its integral over v (from v min = 0 to v max = c = α −1 in a.u.) must be equal unity. This allows one to obtain the following expression for the v−spectral function (or v−spectrum, for short) [13] :
where the normalization constant S(Q) can be obtained (for each pair Q 1 = Q and Q 2 = Q + 1) with the use of numerical integration. For the tritium atom Q 1 = 1 and Q 2 = 2
we have found that S(Q) ≈ 196.611833628395. As expected, the formula, Eq. (15), contains only the absolute values of the free-electron velocity v (or momentum p) and electric charges of the atomic nuclei Q 1 = Q and Q 2 = Q + 1. The velocity of the fast β − −electron is not included in this formula. This is a direct consequence of the sudden approximation used to derive this formula. In general, by using the known v-spectral function we can evaluate the probability p(v) to observe a secondary electron which moves with the velocity v (expressed in atomic units).
Note that equation (15) is written in a manifestly relativistic form, i.e. formally the energies of secondary electrons can be arbitrary. However, both wave functions used in our calculations of the overlap integrals are non-relativistic. Furthermore, in applications to actual atoms and ions, the total energies of the emitted secondary electrons are nonrelativistic, e.g., E ≤ 50 keV for arbitrary atoms and E ≤ 25 keV for light atoms. This means we do not need to apply any relativistic, or even semi-relativistic approximation. In other words, we can always assume that γ = 1 in the formula, Eq.(15). The non-relativistic spectral function of secondary electrons then takes the form
In applications to real (light) atoms the differences between these two spectral functions, defined by Eq. (15) and Eq. (16), are very small for all light atoms. This follows from the explicit form of the right-hand side of these two equations, which contains an exponential cut-off factor for large velocities/energies. In this study all computational results have been determined with the use of the spectral function, Eq.(15).
B. Calculations
In actual experiments the integral of the spectral function S e (v; Q) between the v 1 and
gives one the probability P (v 1 ; v 2 ) to detect the 'free' electron emitted during the process, Eq. (1), with the velocity bounded between v 1 and v 2 . This probability is normalized over all possible free electron velocities. However, in actual experiments, in addition to such bound-free transitions we always observe a large number of bound-bound transitons. In this case the problem of determining the absolute values of probabilities of the partial bound-free transitions is reduced to calculations of the conditional probabilities. To solve this problem one needs to know the total probability of the bound-bound transitions P bb during the nuclear β − -decay. If this value is known, then it is easy to find the total probability of the bound-free transitions P bf = 1 -P bb and absolute value of the partial bound-free probability P(
Let us consider the β − -decay in the one-electron tritium atom 3 H (or T). For simplicity,
here we restrict our analysis to the β − -decay of the tritium atom from its ground 1 2 s−state.
Moreover, we shall assume that the atomic nucleus in the hydrogen/tritium atom is infinitely heavy. In general, during the nuclear β − -decay in such a one-electron tritium atom one can observe a large number of bound-bound transitions such as H(1 2 s) → He + (n 2 s), where n is the principal quantum number of the one-electron (or hydrogen-like) He + ion. The sudden approximation leads to the conservation of the electron angular momentum (or L(L + 1) value) during nuclear β − -decays in few-electron atoms. The total electron spin (or S(S + 1) value) is also conserved (as well as the spatial paritiesπ of the incident and final wave functions) [2] . This means that bound-bound transitions from the 1 2 s-state of the tritium atom to all bound n 2 s−states of the one-electron helium ion (He + ) are possible. In this study the probabilities of such transitions have been determined to high accuracy and can be found in Table I . Their numerical calculations are relatively simple, since we only need to determine the overlap of the two hydrogen-like, i.e., one-electron, wave functions. The sum of such probabilities convergences to the total probability of the bound-bound transition.
The convergence of the P bb probability obtained with the use of the 100 -1500 lowest n 2 s−states in the He + ion can be understood from Table II . The difference between unity and this probability P bb ≈ 0.97372735(10) equals the total probability P bf ≈ 0.02627265 (10) of the bound-free transitions for the process, Eq.(1).In other words, the P bf value is the total ionization probability of the He + ion during nuclear β − -decay in the tritium atom.
For the one-electron 3 H atom such a probability (≈ 2.627 %) is quite small, but in many atoms the probabilities of similar processes are larger. For instance, for the β − -decay of the Li atom from its ground 2 2 S−state, the corresponding probability is ≈ 15 % [4] . In many weakly-bound atomic ions, e.g., in the two-electron H − ion [2] , the overall probability of bound-free transitons is comparable and even larger than the total probability of boundbound transitions. Numerical calculations of the bound-bound state probabilities for other atomic and molecular systems can be found, e.g., in [6] , [7] . Here we do not want to discuss such calculations, since our current goal is to investigate the bound-free transitions during nuclear β − decay in few-electron atoms.
Convergence of the spectral integral S(Q) for the β − -decay of the hydrogen/tritum atom with an infinitely heavy nucleus has been investigated in the following way. First, let us note that our method is based on the division of the main velocity interval between v min = 0 and
To perform numerical integration each of these intervals δ = vmax−v min N is separated into 2 Ns−2 + 1 interior sub-intervals which are used in the 'extended' trapezoidal method [20] and [21] . In our calculations both N and Table III must be multiplied by the factor P bf ≈ 0.02627265 (10) . Then one finds for the overall probability to observe seconday (or 'free') electrons following nuclear β − -decay in atoms with the velocity v bounded between v 1 and v 2 values:
in the case of nuclear β − decay of the hydrogen/tritium atom with infinitely heavy nucleus the overall probability to observe the secondary (or 'free') electron with the velocity located in the interval 0. Table IV .
IV. β − -DECAYS IN FEW-ELECTRON ATOMS
Our original interest in problems discussed in this study was based on the fact that in actual applications it is often important to know not only the value P bf , but also the socalled partial probabilities p i→p , where i is the incident state in the parent atom (tritium), while the notation p states for the final state of the 'free' electron (in momentum space) which moves in the field of the final ion (He 2+ ion). We have developed an effective method for numerical calculations of such probabilities. This method is described in detail below.
By using the formulas Eq. (14) and Eq.(15) one can determine all final state probabilities and p− and v−spectra of the secondary (or 'free') electrons emitted during nuclear β − -decay in few-electron atoms. In general, our additional investigations of atomic ionization during nuclear β − -decay in few-electron atoms unambiguously lead to the conclusion that the spectra of secondary electrons, partial probabilities of bound-free transitions p i→p , and the total probability of such transitions P bf depend upon the electron-electron correlations in the incident bound state of the maternal atom. This means that we can study electron-electron correlations in the maternal (or parent) atom by analyzing the spectra of the secondary electrons emitted during its nuclear β − decay. This conclusion is important for future experimental studies.
To illustrate the general situation with few-electron atoms and ions let us consider β−decaying two-electron atoms and ions, i.e., He-like atomic systems with β − -decays. Simple and very compact analytical expressions for the bound state wave functions of two-electron atoms/ions can be derived in relative and/or perimetric coordinates [5] . The exact wave functions of such atomic systems are truly correlated and depend upon all three relative coordinates r 32 , r 31 and r 21 . It is very difficult to explain in a few lines all aspects of integration in relative and/or perimetric coordinates and we do not attempt to do so here.
For our purposes in this study we can operate with the following approximate analytical expression for the two-electron wave function (see, e.g, [8] and [15] ):
where Q is the electric charge of atomic nucleus (Q ≥ 2), while Q−q is the 'effective' electric charge of atomic nucleus. A small correction q (q ≤ 1) is introduced in this equation to represent an 'effective' contribution of electron-electron correlations. In Eq. (17) [8], [15] . On the other hand, the approximate wave function is represented in a factorized form (see, Eq.(17)), which contains no mix of inter-electron coordinates. Now, we can repeat all calculations made in this study by using the approximate wave function, Eq.(17). Finally, we arrive at the following expression for the v−spectrum of secondary electrons emitted during the nuclear β − decay of the two-electron atom/ion with the nuclear electric charge Q:
where Q 1 = Q − q, Q 2 = Q + 1 and the additional factor F (Q; q) is written in the form
This factor is, in fact, the probability that the second electron will stay bound (in the ground 1s−state of the newly formed hydrogen-like ion) during the nuclear β − -decay in the two-electron He-like atom/ion. As one can see from Eq.(18) the correction for the electronelectron correlations (factor q from Eq. (17)) is included in the final expression for the spectral function S e (v; Q; q), Eq.(18), of secondary electrons. In addition to the appearence of an extra factor F (Q; q) in Eq. (18) , this factor also changes the 'effective' electric charge of the nucleus in the incident atom/ion (Q 1 = Q − q) and produces changes in the normalization constant S(Q; q) in the expression for the spectral function (or spectrum) of secondary electrons. These observations illustrate the idea that electron-electron correlations in the maternal atom directly affect the explicit form of the spectra of secondary electrons emitted during the nuclear β − decay. For few-electron atoms this statement can be rigorously proved with the use of the natural orbital expansions for highly accurate (or truly correlated)
variational wave functions for such systems (see, e.g., [18] , [19] ). Note again that in the non-relativistic approximation we have to assume that γ = 1 in Eq. (18) and v is expressed in atomic units, where the unit velocity equals the
= αc value.
In general, it is hard to determine the final state probabilities in few-electron atoms/ions to the same accuracy as we did above for the one-electron tritium atom. The main problem is related to accurate evaluations of the electron-electron correlations in such atomic systems.
Another problem in actual calculations of the overlap integrals between the incident and final wave functions follows from the fact that the total numbers of essential (or internal)
variables are different in these wave functions. For simplicity, let us consider the nuclear β − −decay of the three electron Li atom which originally was in its ground 1 2 S−state. In this case Eq.(1) takes the form
Suppose we want to use the bound state wave functions for the incident Li atom and Be
2+
ion. The incident wave function of the Li-atom contains six inter-particle coordinates, e.g., three electron-nucleus coordinates r 4i (i = 1, 2, 3) and three electron-electron coordinates r 12 , r 13 , r 23 . In the final wave function which describes the Be 2+ ion and a 'free' electron one finds three electron-nucleus coordinates r 4i (i = 1, 2, 3) and only one electron-electron coordinate r 12 . Here we assume that the 'free' electron wave function, Eq. (2), depends upon the r 43 = r 34 electron-nucleus coordinate only. Briefly, this means that the two electron-electron coordinates r 13 , r 23 are lost during the sudden transition form the incident to the final state in Eq. (20) . In atomic systems with five-, six-and more electrons there are additional problems related to the appearance of the so-called 'unnecessary' relative coordinates in the bound state wave functions (for more details, see, e.g., [16] ). For instance, there are ten relative coordinates (since the number of combinations from 5 by 2 is: C 2 5 = 10) in an arbitrary fourelectron atom/ion, but only nine of them are truly independent in three-dimensional space.
Here we cannot discuss all aspects of these interesting problems and note only that each of these two problems presents significant difficulties for accurate computations of actual atoms and ions. only. In other words, we are looking for the best approximation of the actual wave function of an N e −electron atomic system by linear combinations of N e -products of functions each of which depends upon one radial electron-nucleus coordinate r iN (i = 1, . . . , N e ) only. The natural orbital expansion is the 'best' of all such linear combinations in Dirac's sense [17] , since the first-order density matrix is diagonal in the natural orbitals.
In our case for the three-electron Li-atom and final two-electron Be 2+ ion we can write the following natural orbital expansions
respectively. Here χ n (r i ) and ξ
n (r i ) are the (atomic) natural orbitals constructed for the three-electron Li atom and two-electron Be 2+ ion (see, e.g., [18] , [19] ). The coefficients C n and B k are the coefficients of the natural orbital expansions constructed for the 2 2 S-state of the Li atom and for the ground 1 1 S−state of the Be + ion, respectively. In general, these coefficients are determined as the solutions (eigenvectors) of associated eigenvalue problems. Note that each of these natural orbitals depends upon the corresponding electronnucleus coordinate r i only (or r 4i coordinate in our notation). In general, the natural orbital expansions do not include any of the electron-electron (or correlation) coordinates. The use of the natural orbital expansions for the few-electron wave functions allows one to simplify drastically all calculations of the final state probabilities. Indeed, by using the natural orbital expansions one can show that all overlap integrals are represented as the product of three one-dimensional integrals, or as finite sums of such products. Briefly, we can say that application of the natural orbital expansions for few-electron atomic wave functions allows one to reduce calculations of the overlap integrals to a very simple procedure, e.g., for the process, Eq. (20), one finds for the probability amplitude M if : 
V. FORMATION OF FAST SECONDARY ELECTRONS
In this Section we briefly discuss the emission of very fast secondary electrons from β − -decaying few-electron atoms and ions. The velocities of such 'fast' secondary electrons significanly exceed 'averaged' velocities of any 'secondary' electron emitted in the process, Eq.(1).
In a number of books and textbooks such fast electrons are often called the δ−electrons.
Sudden acceleration of these electrons to large velocities is related to the transfering of a large amount of momentum from a very fast, 'relativistic' β − -electron to one of the atomic electrons. Formally, this process can be written in the form
where e − (δ) is the fast scondary electron emitted and accelerated to relatively large velocities during nuclear β − -decay. It is clear that the probability of such a process is small. In the lowest-order approximation such a probability is evaluated as P ≈ α 4 P e , where P e is the probability of free-electron emission in the process, Eq. (24), and α = is the dimensionless fine-structure constant which is a small numerical value in QED. More accurate evaluation leads to a formula which contains additional factors which increase the numerical value of P . Let us derive the formula which can be used to evaluate the probability of emission of the fast δ−electrons during β − -decay in few-electron atoms and ions.
In reality, the fast secondary electron arises when a substantial amount of momentumenergy is transfered from the very fast β − -electron to a slow atomic electron. Therefore, we can write the following integral relation between the spectral functions of the primary and secondary electrons [22] 
where S β (γ 1 ) and S δ (γ 2 ) are the spectral functions of the primary electrons (or β − -electrons) and secondary electrons (or δ-electrons), respectively. In this equation the notation F (γ 2 , γ 1 ) stands for the kernel of an integral transformation, which is a real function, if both arguments are bounded between unity and α −1 . The explicit form of this kernel has been found in [13] .
To express this kernel let us introduce the value ∆ =
, where γ 1 and γ 2 are the γ−factors of the β − − and δ−electrons, respectively. By using this new variable (∆) we can write the following formula [13] for the probability to emit one δ−electron whose γ−factor equals the
(γ 1 −1) 2 and the formula for the differential cross-section dσ d∆ is [13] :
where N e is the total number of bound electrons in the parent β − -decaying atom/ion, The final step of our procedure is to find an accurate expression for the spectrum of the primary β − electrons which must be used in Eq. (25) . This problem was considered in a large number of papers [23] - [30] . Experimental energy spectra of the emited primary β − electrons can be found, e.g., in [28] and [29] , where the β − decays of the 64 Cu and 210 Bi atoms were studied in detail. As follows from these studies the spectral function of the primary β − -electrons can be written in the form: 
The spectrum, Eq. Table V . By using the formulas, Eqs. (26) - (27) and Eq.(28), one can obtain a closed analytical formula for the probabilities of emission and energy/velocity spectrum of the fast secondary electrons (or δ−electrons) emitted during the nuclear β − decay in arbitrary few-and many-electron atoms/ions.
VI. CONCLUSIONS
We have considered nuclear β − -decays in few-electron atoms and ions which lead to an additional ionization of the final ion in which one of the atomic electrons becomes unbound.
The procedure is developed for determining the corresponding transition probabilities and the velocity/energy spectrum of secondary electrons. Formation of fast secondary electrons (δ−electrons) during nuclear β − -decay in few-electron atoms/ions is also briefly discussed.
It should be mentioned that the important role of bound-free transitions during the nuclear β − decay in few-electron atoms has been emphasized since earlier works by Migdal (see, e.g., [8] , [9] and references therein). In this study we have chosen the proper wave functions to describe the unbound (or 'free') electron which is emitted during the nuclear β − decay. This allows us to solve a number of long-standing problems, e.g., to derive the explicit formulas for the velocity/energy spectra of secondary electrons emitted during nuclear β − -decay. Furthermore, now it is absolutely clear that the spectra of the emitted secondary electrons have different forms for different few-electron atoms/ions, since these spectra strongly depend upon the electron-electron correlations in the bound state of the parent atom/ion. From here one finds the 'similarity law' between the velocity spectra of secondary electrons emitted during nuclear β − -decay of two different atoms/ions which have the same (or similar) electron configurations. We also describe an approach which can be useful for derivation of the velocity/energy spectrum of very fast secondary electrons (δ−electrons) which are observed during nuclear β − decays in few-and many-electron atoms/ions. Convergence of the total probabilities P bb of the bound-bound transitions during nuclear β − decay of the hydrogen/tritium atom with an infinitely heavy nucleus. N is the total number of hydrogen ns-states used in calculations. n is the principal quantum number, while the notation s corresponds to the states in which electron angular momentum ℓ equals zero. 
